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Robust Control of Nonlinear Systems
Using Model-Error Control Synthesis

John L. Crassidis¤

Texas A&M University, College Station, Texas 77843-3141

A new approach for the robust control of nonlinear systems is presented. This approach employs an optimal
real-time nonlinearestimator to determine model-error corrections to the control input using a one time-step ahead
technique. Control compensation is achieved by using the estimated model error as a signal synthesis adaptive
correction to the nominal control input so that maximum performance is achieved in the face of extreme model
uncertainty and disturbance inputs. A signi� cant advantage of this approach over other adaptive methods is
that model parameters need not be updated on-line. Instead, the effects of these errors are used to update the
actual control signal, which leads to a simple design strategy. The model-error control synthesis approach is used
in conjunction with a variable structure controller to suppress the wing-rock motion of a slender delta wing.
Simulation results indicate that the model-error control synthesis approach is extremely effective in providing
closed-loop robustness in the face of signi� cant model uncertainties and disturbance inputs.

Introduction

R OBUST control of dynamic systems is usually achieved using
one of two schemes. The � rst scheme involves the design of

a controller that is as insensitive as possible to model uncertainty
and/or disturbance inputs. The second scheme involves updating
model parameters or control gains in real time in order to achieve
desired performance speci� cations. Adaptive control methods fall
into this category. These control schemes can be used to provide
robustness in a dynamic system with uncertainties, each with its
own advantagesand disadvantages.

Uncertainty in a dynamic system may take many forms, but
among the most signi� cant are noise/disturbance uncertainty and
modeling/parametric uncertainty.The current design of robust con-
trollers synthesizes a control law that maintains system responses
and error signals to within prespeci� ed tolerancesdespite the effects
of uncertaintyon the system. Several robust control techniqueshave
been applied to linearsystems,such as H1 (Ref. 1) and ¹-synthesis2

controllers. These are based on singular value decompositions us-
ing weighted functions at varying frequencies for closed-loopspec-
i� cations, which include sensitivity (disturbance), complementary
sensitivity (tracking), and control input requirements.Singular val-
ues provide information in terms of guaranteed bounds on system
performance or tolerable perturbations.

The control of nonlinearsystems is inherentlymore dif� cult than
linear systems. Variable structure (sliding mode) control3 (VSC) is
an evolvingmethod for robust controlof nonlinearsystems that pro-
vides stability in the face of modeling uncertainties. VSC requires
that bounds on the modeling uncertainties be known in order to
provide robust stability. However, chattering in the control signal
occurs because of the conservativenature of the controller,which is
highly undesirable in many systems. Chattering can be eliminated
by smoothingthe control signal in a thin boundarylayerwith a slight
reduction in the controller’s performance on the system.

Another class of controllersfor both linear and nonlinearsystems
is adaptivecontrol.These methodsgenerallyapply to systemswhere
the dynamic structureof the model is known but with unknown con-
stant parameters. For linear systems adaptive control methods have
focused on the certainty-equivalenceprinciple,4 where a particular
parameter estimation technique is combined with an existing con-
trol law. The parameter estimates are treated as the true values in
the control law. However, the demonstrationof asymptoticbehavior
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for nonlinear systems using the certainty-equivalenceprinciple be-
comes increasingly complex. Recent approaches to this dif� culty
have focused on feedback linearization control schemes, employ-
inga differentialgeometricformulationin conjunctionwith adaptive
control.In particular,thebacksteppingdesignwith tuningfunctions5

has been successfullyshown to globally stabilizea subclassof feed-
back linearizable systems described in parametric strict-feedback
form. A further advantage of the approach in Ref. 5 is that over-
parametrization was removed, so that only as many controller pa-
rameters are updated as there are unknown plant parameters. This
approach has been used to control a wide variety of nonlinear sys-
tems (e.g., see Ref. 6).

Disturbance attenuation is also an objective in the design of most
feedback systems. Just as in the case of modeling errors, distur-
bance attenuation is typically achieved using one of two schemes.
The � rst involvesdesigningcontrollersthat are as insensitiveas pos-
sible to exogenousdisturbances.This is an inherent attribute in H1
controllers, which has also been extended to nonlinear systems.7

Also, a worst-case adaptive control-design methodology8 has re-
cently been developed, which synthesizes a control law that meets
desired asymptotic tracking and disturbance attenuation speci� ca-
tions. The second scheme involves canceling out disturbance ef-
fects on the output through disturbance estimation schemes. For
linear systems this has become a mainstream approach,9 where
the exogenous disturbances are represented as polynomials in time
with unknown coef� cients that satisfy a linear differential equa-
tion. For nonlinear systems a method of combining VSC with a
disturbance-accommodating observer has been developed10;11 and
has been adopted for the spacecraft attitude-controlproblem.12 The
disturbance-accommodating observer approach has been shown to
be extremely effective for disturbance attenuation; however, the
performance of the observer can signi� cantly vary for different
types of exogenousdisturbances,which is because of observergain
sensitivity.

The new approach developed in this paper, called model-error
control synthesis (MECS), provides robust stability and perfor-
mance in a controllednonlinearsystem. In this approacha new con-
trol scheme is not explicitly derived. Rather, existing control tech-
niques are combined with an optimal nonlinear estimator to deter-
mine model-error corrections that update the nominal control-input
signal itself. This represents a signi� cant departure from standard
adaptivecontrol approaches.The MECS approachhas many signif-
icant advances, including1) system parametersneed not be updated
to achieverobustperformance,2) the largestdimensionmodel in the
MECS is equal to the plant order that leads to a computationallyef� -
cient algorithm,and3) it caneasilyhandleboth time-varyingparam-
eter changes in the model and unmodeled disturbance inputs. The
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estimator is based upon a predictive � lter for nonlinear systems.13

The main advantageof this � lter is that, unlikemost � lter/estimation
algorithms,the model error is determinedduring the estimationpro-
cess. The predictive � lter determines the corrections added to the
assumed model such that the model and corrections yield an ac-
curate representation of the actual system behavior. This new � lter
has been shown to be superior to the traditionalKalman � lter when
model-errorcharacteristicsare unknown (e.g., see Refs. 14 and 15).
If stochasticmeasurement errors are not present, then the � lter is re-
duced to a state estimator only. The determined model error, which
is a natural byproduct of the predictive estimator, is subsequently
used to update the control input in order to achieve robust perfor-
mance. It will be shown that the MECS approach combined with
VSC provides robust performance characteristics in the face of ex-
treme parameter variations and exogenous disturbances.

The organizationof this paper is as follows.First, a brief overview
of the predictive � lter for nonlinear systems is shown. Then, the
MECS approach is summarized, followed by an analysis of the
closed-loopproperties.Next, a brief review of the analyticalmodel
of wing rock for slender delta wings is shown. A variable struc-
ture controller is then designed for wing-rock suppressionusing the
nominal system parameters. Finally, results are shown using VSC
only and VSC with MECS.

This section reviews the predictive � lter (see Ref. 13 for more
details). In the nonlinear predictive � lter one assumes that the state
and output estimates are given by a preliminary model and a to-be-
determined model-error vector, given by

POx.t/ D Of[Ox.t/; t] C OB[Ox.t/; t ]u.t/ C OG[Ox.t/; t ]Ou.t/ (1a)

Oy.t/ D Oc[Ox.t/; t ] (1b)

where Of : <n ! <n is the assumed model vector, Ox.t/ 2 <n is the
state estimate vector, u.t/ 2 <q is the control input, Ou.t/ 2 <l is the
model-error vector, OB[Ox.t/; t ]: <n ! <n £ q is the assumed control-
input matrix, OG[Ox.t/; t ]: <n ! <n £ l is the assumed model-error
distribution matrix, Oc: <n ! <m is the measurement vector, and
Oy.t/ 2 <m is the estimated output vector. State-observablemeasure-
ments are assumed for Eq. (1b) in the following form:

Qy.t/ D c[x.t/; t ] C v.t/ (2)

where Qy.t/ 2 <m is the measurement vector, x.t/ 2 <n is the true
state vector, c: <n ! <m is the true output vector, and v.t/ 2 <m is
the measurementnoise vector, which is assumed to be a zero-mean,
stationary, Gaussian white-noise distributed process with

E fv.t/g D 0 (3a)

Efv.t/vT .¿ /g D R±.t ¡ ¿/ (3b)

where R 2 <m £ m is the covariance matrix.
A Taylor-seriesexpansionusinga small 1t of the outputestimate

in Eq. (1b) is given by

Oy.t C 1t/ ¼ Oy.t/ C z[Ox.t/; 1t] C 3.1t/S[Ox.t/]Ou.t/ (4)

where S[Ox.t/]: <n ! <m £ l is a generalized sensitivity matrix and
3.1t/ 2 <m £ m is a diagonal matrix with elements given by

¸ii D 1t pi =pi !; i D 1; 2; : : : ; m (5)

where pi , i D 1; 2; : : : ; m is the lowest order of the derivative of
Oci [Ox.t/; t ] in which any component of Ou.t/ � rst appears because of
successivedifferentiationand substitutionfor POx i .t/ on the right side.
The i th component of z.Ox; 1t/ is given by

zi .Ox; 1t/ D
pi

k D 1

1tk

k!
L k

Of
. Oci / (6)

where L k
Of
. Oci / is the kth Lie derivative, de� ned by

L0
Of
. Oci / D Oci ; L k

Of
. Oci / D

@L k ¡ 1
f . Oci /

@ Ox
Of for k ¸ 1 (7)

The i th row of S[Ox.t/] is given by

si D L Og1 L pi ¡ 1
Of

. Oci / ; : : : ; L Ogl L pi ¡ 1
Of

. Oci / ; i D 1; 2; : : : ; m

(8)

where Og j is the j th column of OG.t/ and the Lie derivative is de� ned
by

L Og j L pi ¡ 1
Of

. Oci / ´
@L pi ¡ 1

Of
. Oci /

@ Ox
Og j ; j D 1; 2; : : : ; l (9)

A loss functional consisting of the weighted sum square of
the measurement-minus-estimate residuals plus the weighted sum
square of the model correction term is minimized, given by

J D 1
2
[ Qy.t C 1t/ ¡ Oy.t C 1t/]T R¡1[ Qy.t C 1t/ ¡ Oy.t C 1t/]

C 1
2

OuT .t/W Ou.t/ (10)

where W 2 <l £ l is the weighting matrix. The necessary conditions
for the minimization of Eq. (10) lead to the following model-error
solution:

Ou.t/ D ¡f[3.1t/S.Ox/]T R¡13.1t/S.Ox/ C W g¡1

£ [3.1t/S.Ox/]T R¡1[z.Ox; 1t/ ¡ Qy.t C 1t/ C Oy.t/] (11)

Therefore, given a state estimate at time t, Eq. (11) is used to pro-
cess the measurement at time t C 1t to � nd the Ou.t/ to be used
in [t; t C 1t ] to propagate the state estimate to time t C 1t using
Eq. (1a). The weighting matrix W serves to weight the relative im-
portance between the propagatedmodel and measured quantities. If
this matrix is set to zero, then no weight is placed on minimizing the
model corrections so that a memory-less estimator is given. In this
case the predictive � lter reduces to a state estimator only (known as
the predictive estimator, with Qy D y/.

In this paper we consider the following special case for a
single-input-single-output (SISO) system (which is typically used
in VSC):

Ox .n/.t/ D Of Ox; POx; ROx; : : : ; Ox .n ¡ 1/; t C Ob[u.t/ C Ou.t/] (12a)

Oy.t/ D Ox.t/ (12b)

The state vector is given by

Ox ´ Ox POx ROx ¢ ¢ ¢ Ox .n ¡ 1/
T

(13)

Equation (12a) implicitly implies that the SISO system can be lo-
cally given in normal form with a relative degree equal to the state
dimension (n) (Ref. 16). Also, any output can be used as long as
the system is locally observable; however, Oy.t/ D Ox.t/ is chosen
because this usually represents a position output in a dynamical
system. The determined model error using Eq. (11) with W D 0 can
be shown to be given by [dropping the time (t ) notation for now]

Ou D ¡.n!=1tn/ Ob¡1[ O³ C .1t n=n!/. Of C Obu/ ¡ .y1 ¡ Ox/] (14)

where y1 ´ y.t C 1t/, and O³ is given by

O³ D
n ¡ 1

i D 1

1t i

i !
Ox .i / (15)

Substituting Eq. (14) into Eq. (12a) yields

Ox .n/ D ¡.n!=1t n/. O³ C Ox/ C .n!=1t n/y1 (16)

This corresponds to a feedback linearization of the assumed
dynamics.



CRASSIDIS 597

MECS
Control Design

The concept of MECS is a simple one. The actual system is
represented by the following:

x .n/ D f x; Px; Rx; : : : ; x .n ¡ 1/; t C bu C ed (17a)

y D x (17b)

where d 2 <1 is an exogenous disturbance and e is a scalar. The
control design is given by using the assumed model for the system,
given by

Ox .n/ D Of Ox; POx; ROx; : : : ; Ox .n ¡ 1/; t C Ob Nu (18a)

Oy D Ox (18b)

Equation (18) inherently uses the certainty-equivalenceprinciple4

because estimated states are used. A VSC design can be used for
the nominal controller, given by

Nu D ¡Ob¡1 Of C Ps ¡ Ox .n/ C ´ sat.s=½/ (19)

where ´ is a control gain and ½ is the control boundary-layerthick-
ness. The sliding line s is given by

s D d
dt

C #

n ¡ 1

. Ox ¡ r / (20)

where # is another control gain, r represents a reference input, and
the function sat is the saturation function de� ned by

sat.y/ D y if jyj · 1

sat.y/ D sgn.y/ otherwise
(21)

In theMECS approachEq. (12a) is used to compensatethe control
input for any general model error. Adding the model error into the
control signal is valid because we are free to choose where to place
the model-error correction in the system (the system is implicitly
implied to be both controllableand observable). A block diagram of
a controlledsystem with MECS is shown in Fig. 1. First, a controller
is designedusingnominal system parameterswith the control signal
represented by Nu. The predictive estimator is used for both state
estimation and model-error determination using Eq. (11). Because
Eq. (12a) is used to determine this model error, Ou now represents a
correctionto the control.To compensate for the effects of the model
errors and disturbanceson the control signal, the actual control input
is now given by

u.t/ D Nu.t/ ¡ Ou.t ¡ 1t/ (22)

with Ou.t0/ D 0. The model error is taken at time t ¡ 1t because a
response from the plant must be given before the model error can
be determined. The rami� cations of this time delay in the control
law will be shown later. The main advantage of this update law is
that the system parameters need not be updated because only their
effects on the nominal system are used to update the control input,
which can provide closed-looprobustnesswith respect to the model
errors. The same concept holds true for the effects of disturbances
on the closed-loop system.

Fig. 1 MECS.

Analysis
For the analysis we � rst make the standard assumption that the

true state variables are replaced with the estimated state variables.
When no model errors and disturbancesexist, the variable structure
controller performs a feedback linearization, which can easily be
shown by substitutingEq. (22) into Eq. (17a) with Ou D 0, d D 0, and
with Of D f , Ob D b (i.e., no model errors), yielding

x .n/ D ¡g (23)

where

g D Ps ¡ x .n/ C ´ sat.s=½/ (24)

The stabilityusing this control law can be shown by consideringthe
following candidate Lyapunov equation:

V D 1
2
s2 (25)

Taking the time derivative of Eq. (25) yields

PV D ¡s´ sat.s/ (26)

which is always negative de� nite for positive values of ´; there-
fore, closed-loop stability is proven. However, if model errors and
external disturbancesare present, then the dynamics become

x .n/ D . f ¡ Ob¡1b Of / ¡ Ob¡1bg C ed (27)

Equation (27) shows that parametererrors and externaldisturbances
can clearly affect closed-loop performance using VSC.

To demonstrate the stability of the MECS approach, we � rst
rewrite Eq. (4) with the output given in Eq. (17b), so that

y1 D y C ³ C .1t n=n!/. f C bu C ed/ (28)

with

³ D
n ¡ 1

i D 1

1t i

i !
x .i / (29)

Substituting Eq. (29) into Eq. (14) yields

Ou D Ob¡1[. f ¡ Of / C .b ¡ Ob/u C ed] (30)

Equation (30) clearly shows how Ou determines the model error and
externaldisturbance.Therefore,as f ! Of andas b ! Ob, with nodis-
turbance the determinedmodel error approacheszero. Note that the
derivation leading to Eq. (30) again uses the certainty-equivalence
principle because x .i / is assumed to be equivalent to Ox .i/ . This is a
valid assumption as long as 1t for the Taylor-series expansion in
Eq. (4) is small enough so that Oy.t/ accurately approximates y.t/.

If the control input is assumed to be given by u.t/ D Nu.t/ ¡ Ou.t/,
then the following expression for the control input is given:

u D ¡b¡1. f C g C ed/ (31)

Then the closed-loop equation for x .n/ becomes

x .n/ D ¡g (32)

which is again the feedback linearization case with disturbance re-
moved. Therefore, the effects of the parameter uncertainties and
external disturbances have been exactly cancelled through the de-
termined model error in Eq. (30).

For practical control purposes Eq. (22) must be used for the con-
trol law. To see the effectsof this controllaw, we � rst rewriteEq. (30)
with a one time-step delay:

Ou.t ¡ 1t/ D Ob¡1f[ f .t ¡ 1t/ ¡ Of .t ¡ 1t/]

C .b ¡ Ob/u.t ¡ 1t/ C ed.t ¡ 1t/g (33)

Next, usinga one time-stepdelay in Eqs. (19) and (28), the following
expressions can be written:

Of .t ¡ 1t/ D ¡g.t ¡ 1t/ ¡ Ob Nu.t ¡ 1t/ (34a)

f .t ¡ 1t/ D .n!=1t n/[y.t/ ¡ y.t ¡ 1t/]

¡ .n!=1tn/³.t ¡ 1t/ ¡ bu.t ¡ 1t/ ¡ ed.t ¡ 1t/ (34b)
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Substituting Eq. (34) into Eq. (33), and using the one time delay in
Eq. (22), yields

Ou.t ¡ 1t/ D Ou.t ¡ 21t/ C Ob¡1f.n!=1t n/[y.t/ ¡ y.t ¡ 1t/]

¡ .n!=1tn/³.t ¡ 1t/ C g.t ¡ 1t/g (35)

Next, substituting Eq. (34b) for ³.t ¡ 1t/ into Eq. (35), and taking
a one time step ahead, leads to

Ou.t ¡ 1t/ D Ou.t/ ¡ Ob¡1[ f .t/ C bu.t/ C ed.t/ C g.t/] (36)

Therefore, the control law becomes

u.t/ D ¡b¡1[ f .t/ C ed.t/ C g.t/] C b¡1 Ob[ Ou.t/ ¡ Ou.t ¡ 1t/]

(37)

A feedback linearization still occurs in the closed-loop system, but
with an extra term given by Ob[ Ou.t/ ¡ Ou.t ¡ 1t/]. From Eqs. (30)
and (33) the errors produced by this control law are given by the
difference from time .t ¡ 1t/ to t of the model errors and distur-
bance input.Therefore,the errors causedby the extra term are in fact
second-order,as opposed to the � rst-order errors affecting the stan-
dard VSC, shown by Eq. (27). This leads to a more robust control
design than using VSC only.

Wing-Rock Suppression
In this section the MECS approach is used to suppress wing-rock

motion in slender delta wings. Wing rock represents a self-induced
limit cycle oscillation in the presence of some initial disturbance or
asymmetry in the � ow� eld. The primary causes of wing rock are
the interactionsbetween the forebody and the wing vortices at high
angles of attack.17 This has been veri� ed using a video-basedexper-
imental investigationfor wing rock of sharp-edgeddelta wings with
leading-edge sweep angles of 70 and 80 deg, which also suggests
that the limit cycle behavior is due to the relative phasing between
model oscillations and vortex movements.18 Analytical models of
this highly nonlinearphenomenonhave been developedand used to
predict roll divergence as well as other characteristics in the oscil-
lations, such as the period and amplitude of the oscillations.19

Recently, the control of wing rock has gained much atten-
tion, including optimal control methods,20 adaptive control using
backstepping,6 and variable structure adaptive control.21 One of the
dif� cult aspects in the control of wing-rock motion is the extreme
sensitivity to parameter variations (i.e., a slight change in a model
parameter can signi� cantly affect overall system response). This as-
pect was evident in the optimal control method in Ref. 20, in which
the aerodynamics parameters are assumed to be known. The back-
steppingdesignwith tuningfunctionsin Ref. 6 has beensuccessfully
shown to globally suppress wing-rock motion in the face of signi� -
cant parametric uncertainties.A further advantageof this approach
is that overparametrizationwas removed, so that only as many con-
troller parameters are updated as there are unknown plant parame-
ters. However, disturbance inputs were not considered, which can
adversely affect closed-loop performance. The variable structure
adaptivecontrolapproachin Ref. 21has beenshown to providegood
disturbance rejection capability and is insensitive to plant nonlin-
earities or parametric variations.However, bounds on the uncertain
functionsare needed in the control design.Also, higher-order� lters
are required for the controller synthesis. For the interested reader
Refs. 6, 20, and 21 also summarize other past control approaches
for wing-rock suppression.

MECS Design
The wing-rockequationof motion for slenderdeltawings is given

by19

PÁ D p (38a)

Pp D c1 C c2Á C c3 p C c4jÁjp C c5jpjp C c6u C c6d (38b)

where Á is the roll angle, p is the roll rate, u represents the control
surface angle, and d is a control disturbance.For an angle of attack
of 30 deg, the following coef� cients are given6:

Oc1 D 5; Oc2 D ¡26:7; Oc3 D 0:765
(39)

Oc4 D ¡2:9; Oc5 D ¡2:5; Oc6 D 0:75

where the symbol O denotes nominal values. Measurements of roll
only are assumed, so that

y D Á (40)

The lowest-order time derivative of Eq. (40) in which the model
error � rst appears is 2. Therefore, the determined model error is
given by

Ou D ¡®[ Op C .1t=2/. Oc1 C Oc2
OÁ C Oc3 Op C Oc4j OÁj Op

C Oc5j Opj Op C Oc6 u/ ¡ .1=1t/.Á1 ¡ OÁ/] (41)

where

® D
2 Oc61t 3

Oc2
61t 4 C 4RW

(42)

The case where W D 0 corresponds to the feedback linearization
case yields

POÁ
POp

D
0 1

¡2=1t 2 ¡2=1t

OÁ
Op

C
0

2=1t2 Á1 (43)

The eigenvalues of the state estimator matrix are given by

s1;2 D .1=1t/.¡1 § j/ (44)

Therefore, the estimator’s dynamics are dependent only on the in-
terval 1t , which provides a very computationally ef� cient routine
because a nonlinear model does not have to be integrated using
numerical techniques.

The design goal is to suppress any wing-rock motion within 2 s.
A variable structure controller has been designed to meet this re-
quirement, given by

Nu D ¡
1
Oc6

. Oc1 C Oc2
OÁ C Oc3 Op C Oc4j OÁj Op C Oc5j Opj Op/

¡ 1
Oc6

Rr ¡ #. Op ¡ Pr/ ¡ ´ sat
. Op ¡ Pr / C #. OÁ ¡ r/

½
(45)

To meet the design goal (with r D 0), the following gains are used:
´ D 3, ½ D 0:1, and # D 10.

Simulation Results
For the � rst simulation the variable structure controller has been

designed to bring an initial roll angle of 30 deg to zero within 2 s
(with r D 0). For all simulations Eqs. (38) and (43) have been in-
tegrated using Á.t0/ D OÁ.t0/ D 30 deg and p.t0/ D Op.t0/ D 0 deg/s.
A plot of the response and control input with no model errors is
shown in Fig. 2. Clearly, the variable structure controller is able to
meet the desired speci� cation. The next case assumes an error in c1

with c1 D 6. The nominal values for the controller are still given by
Eq. (39). This essentiallyadds a constantcontroldisturbance.A plot
of the variable structure controller results without MECS (u D Nu) is
shown in Fig. 3. Clearly, for this case the variablestructurecontroller
does not meet the requirement. A plot of the determined model er-
ror is shown in Fig. 4. The predictive estimator is able to correctly
determine the actual model error. A plot of the variable structure
controller results with MECS is shown in Fig. 5. Clearly, MECS
provides robust performance for this case.

The next two cases show how MECS can be effective even for
radical parameter changes. For the � rst case the true parameters are
given by c1 D 5 sin(15t ), c4 D 3 cos(5t ), and c5 D 10 sin(10t ). The
parameterchangesdo not have any physicalmeaning;however, they
show how well the MECS approach can handle even time-varying
parameter changes. The nominal values for the controller are given
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Fig. 2 Nominal response.

Fig. 3 VSC without MECS: case 1.

Fig. 4 Determined model error: case 1.

by Eq. (39). A plot of the variablestructurecontrollerresultswithout
MECS is shown in Fig. 6. The variable structure controller cannot
remain on the sliding line because the model parameters for c1, c4,
and c5 are assumed to be constant. A plot of the determined model
error is shown in Fig. 7. As already stated, the changes in the in-
dividual model parameters are not important. The MECS approach
updates the control signal from the overall effectsof theseparameter
errors. A plot of the variable structure controller results with MECS
for this case is shown in Fig. 8. Again, MECS provides robust per-
formance. The second case involves a radical change in the model
itself. Suppose that the actual system is given by

PÁ D p (46a)

Pp D c1 C c2Á3 C c3 p C c4jÁjp C c5jpjp C c6u C c6d (46b)

Fig. 5 VSC with MECS: case 1.

Fig. 6 VSC without MECS: case 2.

Fig. 7 Determined model error: case 2.

For this system a cubic dependence in Á is present for the c2 term.
The assumed model for the variable structure controller and pre-
dictive estimator is still given by Eq. (38), with nominal parameter
values equal to the true parameter values. A plot of the variable
structure controller results without MECS is shown in Fig. 9, which
again shows that VSC does not provide robust performance. A plot
of the determined model error is shown in Fig. 10, and a plot of
the variable structure controller with MECS is shown in Fig. 11.
Again, theMECS approachprovidesrobustperformance.These two
cases clearly show advantagesover parameter-adaptivetechniques,
which typically assume that the model parameters are constant (or
slowly time varying) and that the structure of the model is well-
known.

To further test the MECS approach, a number of additional sim-
ulations have been performed. The � rst case involves multiplying
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Fig. 8 VSC with MECS: case 2.

Fig. 9 VSC without MECS: case 3.

Fig. 10 Determined model error: case 3.

the nominal model parameters by some constant factor ¯ to obtain
the true parameters, with

ci D ¯ Oci ; i D 1; : : : ; 5 (47)

Various constant factors have been used in the simulations. Table 1
gives the norm-error results in roll angle (with the trajectory in the
top plot of Fig. 2 as the reference) produced using both VSC only
and VSC with MECS for the 3-s simulations.Next, a change in the
input value c6 was considered only with c6 D ¯ Oc6. Results for this
case are summarized in Table 2. From this analysis both controllers
are more sensitive to variations in c6. However, the MECS approach
is able to provide robust performancewhen compared to VSC only,
even for extreme variations in model parameters.

Table 1 Norm-error results in roll for
model parameter variations

¯ VSC MECS

0.1 4300.00 0.0213
0.5 13.2576 0.0118
0.8 1.3881 0.0047
1.1 0.4031 0.0024
1.5 2.4160 0.0118
2 4.6543 0.0236
5 6.8370 0.0935
10 7.2386 0.2075

Table 2 Norm-error results in roll for
control-input parameter variations

¯ VSC MECS

0.1 7.4658 0.1989
0.5 4.5660 0.0224
0.8 0.8193 0.0056
1.1 0.4248 0.0020
1.5 2.9329 0.0075
2 13.1282 0.2933
5 1 208.42
10 1 1

Fig. 11 VSC with MECS: case 3.

Conclusions
In this paper a new approachwas presentedfor the controlof non-

linear systems with parametric and structuralmodel uncertaintiesas
well as external disturbance inputs. The new control approach uses
an optimal nonlinear estimator to update the control signal in order
to account for the effects of model errors on the system. The ad-
vantages of this approach include the following: 1) the determined
model is a natural byproduct of the state estimator, 2) no model
updating is required, and 3) it easily handles time-varying system
parameters. The new approach was used in conjunction with VSC
to suppress the wing-rock motion of a slender delta wing. Results
indicated that the new approach is able to provide robust perfor-
mance even for the case of radically varying system parameters and
exogenous disturbances.
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